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Appendix
In this appendix we briefly show the derivation of the equations that consti-
tute a preparatory step before the optimization procedure for the other seven
parameters that were not included in the main text (three were already shown
starting from Section 3.3.1). For more details the interested reader is referred
to Section 3.3.1).

Parameter d :
The derivative of the general function f (the vector [T, V ]) with respect to d is:

∂f
∂d (t, yd) =

[
− T − d∂T∂d − β

(
∂V
∂d T + V ∂T

∂d

)
(1 − εs)

∫ ∞
0

ρR(a, t)∂I∂d (a, t)da− c∂V∂d

]

where yd =


T

V
∂T
∂d
∂V
∂d

.

Furthermore:

∂R(a,t)
∂d = 0,

∂T̄
∂d = 0,

∂V̄
∂d = −1/β,
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∂I(a,t)
∂d =

 β
(
∂V
∂d (t− a)T (t− a) + V (t− a)∂T∂d (t− a)

)
e−δa a < t

−c/(βN)e−δa a > t
,

The upper right block matrix of the Jacobian is:

f ′d,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂d

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂d

da


and the transposed last two rows of the Jacobian are:

((
f ′d,3

)tr
,
(
f ′d,4

)tr
)

:=



−1 − β ∂V∂d (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂d
∂T da

−β ∂T∂d (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂d
∂V da

−d− βV (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂d

∂
∂T
∂d

da

−βT (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂d

∂
∂V
∂d

da− c


,

∂ ∂f∂d
∂t

=

[
0,

(1 − εs)

∫ ∞
0

ρ

(
∂R(a,t)
∂t

∂I
∂d (a, t) +R(a, t)

∂
∂I(a,t)
∂d
∂t

)
da
].
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Parameter β:
The derivative of the general function f (the vector [T, V ]) with respect to β is:

∂f
∂β (t, yβ) =

[
− d∂T∂β − (V T + β ∂V∂β T + βV ∂T

∂β )

(1 − εs)

∫ ∞
0

ρR(a, t)∂I(a,t)∂β da− c∂V∂β

]

where yβ =


T

V
∂T
∂β
∂V
∂β

.

Furthermore:

∂R(a,t)
∂β = 0,

∂̄T
∂β = −c/(β2N),

∂̄V
∂β = d/β2,

∂I(a,t)
∂β =


(
V (t− a)T (t− a) + β ∂V∂β (t− a)T (t− a) + βV (t− a)∂T∂β (t− a)

)
e−δa a < t

dc/(β2N)e−δa a > t
,

The upper right block matrix of the Jacobian is:

f ′β,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂β

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂β

da


and the transposed last two rows of the Jacobian are:

((
f ′β,3

)tr
,
(
f ′β,4

)tr
)

:=



−
(
V + β ∂V∂β

)
(1 − εs)

∫ t
0
ρR(a, t)

∂
∂I(a,t)
∂β
∂T da

−
(
T + β ∂T∂β

)
(1 − εs)

∫ t
0
ρR(a, t)

∂
∂I(a,t)
∂β
∂V da

−d− βV (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂β

∂
∂T
∂β

da

−βT (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂β

∂
∂V
∂β

da− c


,
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∂ ∂f∂β
∂t

=

[
0,

(1 − εs)

∫ ∞
0

ρ

∂R(a,t)
∂t

∂I
∂β (a, t) +R(a, t)

∂
∂I(a,t)
∂β
∂t

 da
].
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Parameter εs:
The derivative of the general function f (the vector [T, V ]) with respect to εs
is:

∂f
∂εs

(t, yεs) =
[
− d ∂T∂εs − β

(
∂V
∂εs

T + V ∂T
∂εs

)
,

−
∫∞

0
ρR(a, t)I(a, t)da+ (1 − εs)

∫∞
0
ρ∂R(a,t)

∂εs
I(a, t)da

+(1 − εs)
∫ t

0
ρR(a, t) ∂I∂εs (a, t)da− c ∂V∂εs

]

where yεs =


T

V
∂T
∂εs
∂V
∂εs

.

Furthermore:

∂R(a,t)
∂εs

=



ρ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

−ρ (1−εα)αe−γ(t−a)

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)a

+ρa

(
1 − (1−εα)αe−γ(t−a)

(1−εs)ρ+κµ−γ

)
e−((1−εs)ρ+κµ)a

a < t

ρ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

−ρ (1−εα)α

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)t

+ρt

(
α
ρ+µ +

(
1 − α

ρ+µ

)
e−(ρ+µ)(a−t) − (1−εα)α

(1−εs)ρ+κµ−γ

)
e−((1−εs)ρ+κµ)t

a > t

,

∂T̄
∂εs

= 0,

∂V̄
∂εs

= 0,

∂I(a,t)
∂εs

=

{
β
(
∂V
∂εs

(t− a)T (t− a) + V (t− a) ∂T∂εs (t− a)
)

e−δa a < t

0 a > t
,

The upper right block matrix of the Jacobian is:

f ′εs,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂εs

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂εs

da
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and the transposed last two rows of the Jacobian are:

((
f ′εs,3

)tr
,
(
f ′εs,4

)tr
)

:=



−β ∂V∂εs

−
∫ t

0

ρR(a, t)∂I(a,t)∂T da

+(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)
∂T da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εs
∂T da

−β ∂T
∂εs

−
∫ t

0

ρR(a, t)∂I(a,t)∂V da

+(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)
∂V da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εs
∂V da

−d− βV

−
∫ t

0

ρR(a, t)∂I(a,t)
∂
∂T
∂εs

da

+(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)

∂
∂T
∂εs

da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εs

∂
∂T
∂εs

da

−βT

−
∫ t

0

ρR(a, t)∂I(a,t)
∂
∂V
∂εs

da

+(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)

∂
∂V
∂εs

da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εs

∂
∂V
∂εs

da

−c



,
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∂ ∂f
∂εs

∂t
=

[
0,

−
∫ ∞

0

ρ
(
∂R(a,t)
∂t I(a, t) +R(a, t)∂I(a,t)∂t

)
da

+ (1 − εs)

∫ ∞
0

ρ

∂
∂R(a,t)
∂εs
∂t I(a, t) + ∂R(a,t)

∂εs

∂I(a,t)
∂t

 da

+ (1 − εs)

∫ t

0

ρ

∂R(a,t)
∂t

∂I(a,t)
∂εs

+R(a, t)
∂
∂I(a,t)
∂εs
∂t

 da
]

where:

∂
∂R(a,t)
∂εs
∂t =



−γρ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

+γρ (1−εα)αe−γ(t−a)

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)a

+γρa (1−εα)αe−γ(t−a)

(1−εs)ρ+κµ−γ e−((1−εs)ρ+κµ)a

a < t

−γρ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

+((1 − εs)ρ+ κµ)ρ (1−εα)α

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)t

+ρ

(
α
ρ+µ +

(
1 − α

ρ+µ

)
e−(ρ+µ)(a−t) − (1−εα)α

(1−εs)ρ+κµ−γ

)
e−((1−εs)ρ+κµ)t

+(ρ+ µ)ρt
(

1 − α
ρ+µ

)
e−(ρ+µ)(a−t)e−((1−εs)ρ+κµ)t

−((1 − εs)ρ+ κµ)ρt

(
α
ρ+µ +

(
1 − α

ρ+µ

)
e−(ρ+µ)(a−t) − (1−εα)α

(1−εs)ρ+κµ−γ

)
×e−((1−εs)ρ+κµ)t

a > t

.
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Parameter εα:
The derivative of the general function f (the vector [T, V ]) with respect to εα
is:

∂f
∂εα

(t, yεα) =
[
− d ∂T∂εα − β

(
∂V
∂εα

T + V ∂T
∂εα

)
,

(1 − εs)
∫∞

0
ρ∂R(a,t)

∂εα
I(a, t)da

+(1 − εs)
∫ t

0
ρR(a, t) ∂I

∂εα
(a, t)da− c ∂V∂εα

]

where yεα =


T

V
∂T
∂εα
∂V
∂εα

.

Furthermore:

∂R(a,t)
∂εα

=


− αe−γt

(1−εs)ρ+κµ−γ + αe−γ(t−a)

(1−εs)ρ+κµ−γ e−((1−εs)ρ+κµ)a a < t

− αe−γt

(1−εs)ρ+κµ−γ + α
(1−εs)ρ+κµ−γ e−((1−εs)ρ+κµ)t a > t

,

∂T̄
∂εα

= 0,

∂V̄
∂εα

= 0,

∂I(a,t)
∂εα

=

{
β
(
∂V
∂εα

(t− a)T (t− a) + V (t− a) ∂T∂εα (t− a)
)

e−δa a < t

0 a > t
,

The upper right block matrix of the Jacobian is:

f ′εα,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂εα

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂εα

da



8



and the transposed last two rows of the Jacobian are:

((
f ′εα,3

)tr
,
(
f ′εα,4

)tr
)

:=



−β ∂V
∂εα

(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εα

∂I(a,t)
∂T da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εα
∂T da

−β ∂T
∂εα

(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)
∂V da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εα
∂V da

−d− βV

(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)

∂
∂T
∂εα

da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εα

∂
∂T
∂εα

da

−βT
(1 − εs)

∫ t

0

ρ∂R(a,t)
∂εs

∂I(a,t)

∂
∂V
∂εα

da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂εα

∂
∂V
∂εα

da− c



,

∂ ∂f
∂εs

∂t
=

[
0,

(1 − εs)

∫ ∞
0

ρ

∂
∂R(a,t)
∂εα
∂t I(a, t) + ∂R(a,t)

∂εα

∂I(a,t)
∂t

da

+ (1 − εs)

∫ t

0

ρ

∂R(a,t)
∂t

∂I
∂εα

(a, t) +R(a, t)
∂
∂I(a,t)
∂εα
∂t

da
]

where:

∂
∂R(a,t)
∂εα
∂t =


γ αe−γt

(1−εs)ρ+κµ−γ − γ αe−γ(t−a)

(1−εs)ρ+κµ−γ e−((1−εs)ρ+κµ)a a < t

γ αe−γt

(1−εs)ρ+κµ−γ − ((1 − εs)ρ+ κµ) α
(1−εs)ρ+κµ−γ e−((1−εs)ρ+κµ)t a > t

.
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Parameter κ:
The derivative of the general function f (the vector [T, V ]) with respect to κ is:

∂f
∂κ (t, yκ) =

[
− d∂T∂κ − β

(
∂V
∂κ T + V ∂T

∂κ

)
,

(1 − εs)
∫∞

0
ρ∂R(a,t)

∂κ I(a, t)da

+(1 − εs)
∫ t

0
ρR(a, t) ∂I∂κ (a, t)da− c∂V∂κ

]

where yκ =


T

V
∂T
∂κ
∂V
∂κ

.

Furthermore:

∂R(a,t)
∂κ =



−µ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

+µ (1−εα)αe−γ(t−a)

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)a

−µa
(

1 − (1−εα)αe−γ(t−a)

(1−εs)ρ+κµ−γ

)
e−((1−εs)ρ+κµ)a

a < t

−µ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

+µ (1−εα)α

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)t

−µt
(

α
ρ+µ +

(
1 − α

ρ+µ

)
e−(ρ+µ)(a−t) − (1−εα)α

(1−εs)ρ+κµ−γ

)
e−((1−εs)ρ+κµ)t

a > t

,

∂T̄
∂κ = 0,

∂V̄
∂κ = 0,

∂I(a,t)
∂κ =

{
β
(
∂V
∂κ (t− a)T (t− a) + V (t− a)∂T∂κ

)
e−δa a < t

0 a > t
,

The upper right block matrix of the Jacobian is:

f ′κ,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂κ

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂κ

da
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and the transposed last two rows of the Jacobian are:

((
f ′κ,3

)tr
,
(
f ′κ,4

)tr
)

:=



−β ∂V∂κ
(1 − εs)

∫ t

0

ρ∂R(a,t)
∂κ

∂I(a,t)
∂T da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂κ
∂T da

−β ∂T∂κ
(1 − εs)

∫ t

0

ρ∂R(a,t)
∂κ

∂I(a,t)
∂V da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂κ
∂V da

−d− βV

(1 − εs)

∫ t

0

ρ∂R(a,t)
∂κ

∂I(a,t)

∂
∂T
∂κ

da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂κ

∂
∂T
∂κ

da

−βT
(1 − εs)

∫ t

0

ρ∂R(a,t)
∂κ

∂I(a,t)

∂
∂V
∂κ

da

+(1 − εs)

∫ t

0

ρR(a, t)
∂
∂I(a,t)
∂κ

∂
∂V
∂κ

da− c



,

∂ ∂f∂κ
∂t

=

[
0,

(1 − εs)

∫ ∞
0

ρ

(
∂
∂R(a,t)
∂κ
∂t I(a, t) + ∂R(a,t)

∂κ
∂I(a,t)
∂t

)
da

+ (1 − εs)

∫ t

0

ρ

(
∂R(a,t)
∂t

∂I(a,t)
∂κ +R(a, t)

∂
∂I(a,t)
∂κ
∂t

)
da
]

where:
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∂
∂R(a,t)
∂κ
∂t =



+γµ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

−γµ (1−εα)αe−γ(t−a)

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)a

−γµa (1−εα)αe−γ(t−a)

(1−εs)ρ+κµ−γ e−((1−εs)ρ+κµ)a

a < t

+γµ (1−εα)αe−γt

((1−εs)ρ+κµ−γ)
2

−((1 − εs)ρ+ κµ)µ (1−εα)α

((1−εs)ρ+κµ−γ)
2 e−((1−εs)ρ+κµ)t

−µ
(

α
ρ+µ +

(
1 − α

ρ+µ

)
e−(ρ+µ)(a−t) − (1−εα)α

(1−εs)ρ+κµ−γ

)
e−((1−εs)ρ+κµ)t

−(ρ+ µ)µt
(

1 − α
ρ+µ

)
e−(ρ+µ)(a−t)e−((1−εs)ρ+κµ)t

+((1 − εs)ρ+ κµ)µt

(
α
ρ+µ +

(
1 − α

ρ+µ

)
e−(ρ+µ)(a−t) − (1−εα)α

(1−εs)ρ+κµ−γ

)
×e−((1−εs)ρ+κµ)t

a > t

.
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Parameter c:
The derivative of the general function f (the vector [T, V ]) with respect to c is:

∂f
∂c (t, yc) =

[
− d∂T∂c − β

(
∂V
∂c T + V ∂T

∂c

)
,

(1 − εs)

∫ ∞
0

ρR(a, t)∂I∂c (a, t)da−
(
V + c∂V∂c

) ]

where yc =


T

V
∂T
∂c
∂V
∂c

.

Furthermore:

∂R(a,t)
∂c = 0,

∂T̄
∂c = 1/(βN),

∂V̄
∂c = −Ns/c2,

∂I(a,t)
∂c =

 β
(
∂V
∂c (t− a)T (t− a) + V (t− a)∂T∂c (t− a)

)
e−δa a < t

−d/(βN)e−δa a > t
,

The upper right block matrix of the Jacobian is:

f ′c,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂c

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂c

da


and the transposed last two rows of the Jacobian are:

((
f ′c,3

)tr
,
(
f ′c,4

)tr
)

:=



−β ∂V∂c (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂c
∂T da

−β ∂T∂c (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂c
∂V da− 1

−d− βV (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂c

∂
∂T
∂c

da

−βT (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂c

∂
∂V
∂c

da− c


,
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∂ ∂f∂c
∂t

=

[
0,

(1 − εs)

∫ ∞
0

ρ

(
∂R(a,t)
∂t

∂I
∂c (a, t) +R(a, t)

∂
∂I(a,t)
∂c
∂t

)
da
]
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Parameter δ:
The derivative of the general function f (the vector [T, V ]) with respect to δ is:

∂f
∂δ (t, yδ) =

[
− d∂T∂δ − β

(
∂V
∂δ T + V ∂T

∂δ

)
,

(1 − εs)

∫ ∞
0

ρR(a, t)∂I∂δ (a, t)da− c∂V∂δ

]

where yδ =


T

V
∂T
∂δ
∂V
∂δ

.

Furthermore:

∂R(a,t)
∂δ = 0,

∂T̄
∂δ =

∂ 1
N

∂δ c/β,

∂V̄
∂δ = ∂N

∂δ s/c,

∂N
∂δ =

ρ
(
δ(ρ+ µ+ δ) − (α+ δ)(ρ+ µ+ δ) − δ(α+ δ)

)
δ2(ρ+ µ+ δ)2

,

∂ 1
N

∂δ =
(ρ+ µ+ δ)(α+ δ) + δ(α+ δ) − δ(ρ+ µ+ δ)

ρ(α+ δ)2
,

∂I(a,t)
∂δ =

 β
(
∂V
∂δ (t− a)T (t− a) + V (t− a)∂T∂δ (t− a) − aV (t− a)T (t− a)

)
e−δa a < t(

−∂ 1
N

∂δ dc/β − a(βNs− dc)/(βN)
)

e−δa a > t
,

The upper right block matrix of the Jacobian is:

f ′δ,2×2 =


0 0

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂T
∂δ

da

(1 − εs)
∫ t

0
ρR(a, t)

×∂I(a,t)

∂
∂V
∂δ

da


and the transposed last two rows of the Jacobian are:

((
f ′δ,3

)tr
,
(
f ′δ,4

)tr
)

:=



−β ∂V∂δ (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂δ
∂T da

−β ∂T∂δ (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂δ
∂V da

−d− βV (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂δ

∂
∂T
∂δ

da

−βT (1 − εs)
∫ t

0
ρR(a, t)

∂
∂I(a,t)
∂δ

∂
∂V
∂δ

da− c


,
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∂ ∂f∂δ
∂t

=

[
0,

(1 − εs)

∫ ∞
0

ρ

(
∂R(a,t)
∂t

∂I
∂δ (a, t) +R(a, t)

∂
∂I(a,t)
∂δ
∂t

)
da
]
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